We propose a simple method to simulate and detect topological insulators with cold atoms trapped in a one-dimensional bichromatic optical lattice subjected to a time-periodic modulation. The tightbinding form of this shaken system is equivalent to the periodically driven Aubry-Andre model. We demonstrate that this model can be mapped into a two-dimensional Chern insulator model, whose energy spectrum hosts a topological phase within an experimentally accessible parameter regime. By tuning the laser phase adiabatically, such one-dimensional system constitutes a natural platform to realize topological particle pumping. We show that the Chern number characterizing the topological features of this system can be measured by detecting the density shift after one cycle of pumping.
I. INTRODUCTION
Since the discovery of topological insulators, the search for topological state of matter has attracted intense interests in past years in condensed-matter physics [1, 2] and atomic, molecular, and optical physics [3] . One of the recent theoretical advances in this field is the introduction of Floquet topological insulators [4] [5] [6] [7] [8] [9] [10] . It is shown that a topological trivial system can become nontrivial in the presence of time-periodic perturbations. The classification of Floquet topological insulator is based on analyzing the properties of the Floquet operator [11, 12] . In particular, these periodic perturbations could be easily achieved by externally shining laser fields on the system with microwave frequencies [4] [5] [6] [7] [8] [9] [10] . However, in solid state system, the materials with topological features are still quite scarce and the tools to engineer the topological phase remain limited.
Ultracold atoms trapped in an optical lattice nowadays have been widely recognized as powerful tools to simulate and study many-body problems originally from condensed matter physics [13, 14] . This arises from the fact that the cold atomic systems can provide a clean platform without lattice disorder and even some extreme physical situations unachieved in condensed matter physics can be reached here. Experimentally, great progress has been achieved recently in realizing artificial gauge fields [15] [16] [17] [18] , spin-orbit coupling for ultracold atoms [19] [20] [21] and spin Hall effects [22] , which turn cold atoms into a * Electronic address: tianfengmei@gmail.com † Electronic address: r.fazio@sns.it ‡ Electronic address: slzhu@nju.edu.cn § Electronic address: cqtklc@nus.edu.sg new platform for simulating topological phases. Some proposals have been put forward to use this system to mimic quantum anomalous Hall insulator (Chern insulator) [23] [24] [25] [26] [27] , time-reversal invariant topological insulator [28, 29] , and Majorana fermions [30] . In particular, cold atoms in modulated optical lattices constitutes a versatile platform to realize synthetic gauge fields and topological phases [31] . For instance, such setups have been considered recently to experimentally realize the Haldane [23, 25, 32 ] and the Hofstadter model [33] , using the technology of modulated optical lattices [34, 35] . These experiments led to the first experimental determination of the Chern number using cold atoms [35] .
Remarkably, recent studies have also shown that some topological properties of the two-dimensional (2D) integer quantum Hall insulator could be simulated with onedimensional (1D) Aubry-Andre (AA) model [36] . When the 1D model depends on a parameter in a periodic manner, one can regard this system as a 2D system, where the physical dimension is extended by the 1D parameter space. Then the topological property of this system can be characterized by the Chern number defined on a torus formed by a spatial dimension as well as a parameter dimension. For cold atomic system, the AA model has been experimentally realized in a 1D optical lattice for studying Anderson localization [37] and recently been discussed for simulating quantum Hall insulator [38, 39] and topological bosonic Mott insulator [40, 41] and charge pumping [42] . This idea has also been generalized to realize the Haldane insulator with a 1D extended Su-Schrieffer-Heeger model [43] . Compared with the previous methods for realizing topological phase, the present method does not need the engineering of synthetic gauge fields, which provides an alternative simple route to probe the topological feature of quantum Hall states. Another route is also offered by the so-called synthetic dimensions, which use the internal states of the atoms [44] .
In this paper, we take one step further and show that the AA model can have the same topological feature as the 2D Chern insulator, when it is subjected to periodic driven. The 2D Chern insulator is different from the standard quantum Hall insulator, as it does not require a magnetic field to break time reversal symmetry and thus, it does not display Landau levels. Its discovery stimulated the search for different exotic topological phases, including Z 2 topological insulator and topological superconductor [1, 2] . In this paper, we focus on its realization using cold atoms trapped in a 1D shaken bichromatic optical lattice, but we note that it can also be achieved in 1D quasicrystal systems [45] . When the lattice modulation is in the high frequency regime, we find that the energy spectrum associated with the effective time-independent Hamiltonian displays a gapped Chern insulator phase. In contrast to the recent proposals for realizing Floquet topological insulator in 2D optical lattice [31] , one of the advantages of this 1D framework is that topological pumping arises naturally. This pumping is topologically protected because the 1D model shares the same topological origin as the 2D Chern insulator. The number of pumped particles can be expressed as the Chern number of this system. Then we employ such pumping to detect the Chern number, hence characterizing the topological property of the system. The paper is organized as follows: Section II introduces the periodically driven AA model, which can be realized with ultracold atoms trapped in a shaken bichromatic optical lattice. Section II presents the effective Hamiltonian of the periodic driven AA model. In section III, we study some topological features of the system, such as Chern number and edge states. In section V, we present a feasible approach to detect the topological Chern number based on topological pumping. A short conclusion is given in Sec. VI.
II. PERIODICALLY DRIVEN AA MODEL
We consider ultracold fermionic atoms trapped in a shaken bichromatic optical lattice. This lattice is generated by the superposition of two shaken optical lattices. The single particle Hamiltonian of an atom in this shaken lattice system is written as
where V i , k i = 2π/λ i and λ i (i = 1, 2) are the lattice depth and laser wave vector and wave length. x i (t) = b i sin(ωt) is the periodic time-dependent lattice shaken. ω is lattice shaken frequency and φ is the phase of the second laser. Experimentally, a shaking sinusoidal lattice can be realized through a modulation of the driving frequency and by changing the relative phase of the acoustooptic modulators [46] . Here we assume the two lattices experience the same shaking amplitude b = 0.2 which is within the current experimental technology [46] , and describe the two lattice shaking amouns as b 1 = bλ 1 /2 and b 2 = bλ 2 /2. In the following, we choose the lattice spacing a = λ 1 /2 = 1 and = 1, and assume the first lattice depth V 1 is much bigger than the second lattice depth V 2 . In the absence of lattice shaking b = 0, the tightbinding Hamiltonian from Eq.(1) leads to the so-called AA model, which is widely used in the investigation of Anderson localization as well as some topological phases in cold atomic physics [37] [38] [39] [40] [41] . In this paper, we refer the tight-binding model from Eq.(1) with θ i (t) ∝ sin ωt as periodically driven AA model. Considering a unitary rotation, the Hamiltonian is transferred to a new frame x → x + b 1 sin(ωt), and it displays a shaking-induced vector potential
where the induced vector potentials are A x = α 1 cos(ωt) and A φ = α 2 sin(ωt), with the amplitudes
We assume all the atoms are trapped in the lowest band of the optical lattice, then the Hamiltonian in the second quantization formalism is of the form
Expanding the field operator in terms of the Wannier functions Ψ(x) = n c n w(x − x n ), one can omit the constant energy terms and get the tight-binding Hamiltonian
2´d xw(x) cos(2k 2 x)w(x) and the driving amplitude in A φ has been modified as α 2 = 2k 2 (b 2 − b 1 ). Note that this tight-binding model is the Aubry-Andre model, but with an additional periodic driven contained in the induced gauge potentials A x,φ . Here only the on-site contribution of the second optical lattice is kept because we assume V 1 is much bigger than V 2 .
In order to realize a two band Chern insulator, we choose k 1 = 2k 2 , then β = 1/2. In this case, the odd and even number lattice sites feel different on-site energies. We label this two sites as a and b and use them to constitute a pseudospin. By employing Fourier transformation and Peierls substitution, the above Hamiltonian can be rewritten in the momentum space as
T . The Hamiltonian density has the form
where t x is the bare hopping without time-dependent modulation, σ x,y,z are the Pauli matrices spanned by a k and b k . In the Gaussian approximation for the Wannier function of the ground state, the hopping rate and the on-site energy can be derived as
, where the recoil energies 1, 2) . Interestingly, by associating the laser-induced potential A φ with the vector potential A y , the on-site energies ∆ with twice the hopping rate 2t y , and the laser phase φ with the quasimomentum k y , one finds that the above one dimensional driving model can be mapped into the two-dimensional periodically driven π-flux Harper model. In the following, we will show that the original gapless quasienergy spectrum will be driven into the analog of a two-dimensional gapped topological phase.
III. THE EFFECTIVE HAMILTONIAN
The essential feature of the above time-dependent Hamiltonian can be captured by an effective timeindependent Hamiltonian. This strategy has been extensively studied recently in periodically driven systems [47] [48] [49] . Before using this method to derive the effective Hamiltonian of Eq. (5), we expand the Hamiltonian density H(k) as
where each expanding component H m has been modified by the Bessel functions J m (α 1 , α 2 ) (see the appendix A). Based on the above expanding Hamiltonian, following the strategy in [49] , the effective Hamiltonian of the above equation can be expressed as [50] 
where we have omitted high orders of 1/ω [49] . When a high driving frequency (ω = 8t x ) is employed, the contribution of high orders can be safely ignored. In Fig. 1(ab) , we have numerically demonstrated this point through calculating the modification of the second order terms on the bulk and edge energy spectrums. The results show that, the second order terms only have small influence on the envelope of the spectrum and will not change the gap and the edge spectrum.
In the practical experiment, a weak lattice shaken (b < 1) is preferred so that the induced heating on the lattice is small. If the lattice shaken is tuned so that the vector potential amplitudes α 1,2 < 1, one can find that J m (α 1,2 ) ∼ 10 −m (m ≥ 3). In this case, in Eq. (6), only the one-and two-photon transition dominate the whole dynamics. Then we can write Eq. (6) as
where
By substituting the above equation into Eq. (7), we can obtain an effective two band Chern insulator model Hamiltonian
As has been shown before, the above 1D atom-lattice system without shaking can be described by the 2D π−flux model. The x-direction momentum k x and the laser phase φ constitute the 2D space (k x , φ), which form a 2D torus under the periodic boundary condition along the x-direction. In Fig. 1(a) , we plot the energy spectrum with driving in the first Brillouin zone of this artificial 2D space k x ∈ [0, π] and φ ∈ [−π, π]. In the absence of shaking, the energy spectrum is gapless and there are two Dirac points,
). However, when the periodic shaking is applied on the optical lattice, the system will be driven into a gapped insulator phase by the induced y component h y in the Eq. (11).
IV. CHERN INSULATOR AND EDGE STATE
In the following, we will show that this gapped phase is indeed a topological insulator state by calculating the Chern number of the occupied ground band and the edge state spectrum through exploring the open boundary condition. With a unitary rotation, σ x → σ y , σ z → σ x and σ y → σ z , the above Hamiltonian has the standard form of the Chern insulator model. This rotation communicates with time reversal symmetry operator and then will not change the topological feature of the original model. Based on a mapping from the Brillouin zone torus (k x , φ) to a spherical surface S 2 , the Chern number of the occupied ground band is expressed as
where the unit vector field h = (h x , h y , h z )/h with h = h 2 x + h 2 y + h 2 z . The Chern number of this two band model can be derived analytically by calculating the sign 
After substituting Eq. (11) into the above equation, the Chern number of this two band model can be obtained as
Because the shaking amplitude is small in our system, α 1 and α 2 are smaller than one, the rate of Bessel function is always positive and the Chern number C = −1, thus the system is in the topological insulator phase. This is quite different from the original gapless semimetal phase without driving. The atomic density distribution along the optical lattice vary with the laser phase φ. After one periodic pumping by tuning the laser phase over one period, the density will shift downwards one unit cell. This phenomenon can be observed in the whole lattice; however, for better illustrating, here we only plot the density distribution of the lattice in a particular range n ∈ [1, 11] . Here the harmonic trap strength Vt = 0.001, and other parameters are same with those in Fig.1 .
The appearance of edge state is another hallmark of topological state. To show the behavior of edge state, in Fig. 1(b) , we choose the open boundary condition in the x direction and plot the edge state of the energy spectrum when the lattice driving is applied. When a fermi energy is chosen, there are four gapless edge states travelling in the gap. The velocities of edge modes in the two different edges are opposite. This point can be seen from the spatial density distribution of the four edge modes in Fig. 1(c-d) . The results also show that the density of edge modes A and D will occupy the b site of each unit cell and the modes B and C will stay in the a site of each unit cell. Furthermore, one can find that, the density of the edge modes in the region φ ∈ (−π/2, π/2) would always occupy the a tybe site in each unit cell, while for other region, the density would occupy the b type site in each unit cell. This arises from the fact that the eigenstate of our 1D lattice model is the eigenstate of pauli matrix σ z . The a and b site occupation correspond to the negative and positive eigenstate of σ z . In the same way, the bulk states also have this feature. This also can explain the topological particle pumping in the next section. Through tuning the laser phase from 0 to 2π, the initial density occupying the b site in each unit cell will shifted to the a site of the next unit cell and finally into the b site of this unit cell, which means that the charge will shift by one unit cell.
V. TOPOLOGICAL PARTICLE PUMPING
One of the advantages of the above 1D framework simulating topological phase is that topological pumping can be established naturally. Topological pumping in 1D system was discovered by Thouless [52] and he made the surprising observation that certain band insulators can provide quantized charge transport based on an adiabatic pumping. This topological argument also applies for finite system coupled to leads [53] . The charge transferred in each pumping cycle is exactly quantized and can be expressed as the Chern number
where C[k x , t] is the Chern number defined on the time and momentum Brillouin zone space, and F (k x , t) is the Berry curvature. Topological pumping has also been discussed recently in the context of cold atoms [54] [55] [56] and quantum wire systems [57] [58] [59] .
In the following, we will show the topological pumping can be directly realized based on the proposed 1D framework here. Because our proposed 1D model has the same topological feature as the 2D Chern insulator, its ground state is a topological phase and the corresponding pumping is topologically protected. By slowly tuning the laser phase over one period, the number of the pumping particle number is just the Chern number of the ground band. The number of the pumping particle can be connected with the Wannier center based on the modern charge polarization theory [60] . It states that charge polarization can be related to the Wannier center by
where |W n is the Wannier function of the ground band associated with the unit cell n,x is the position operator and A(k x ) is the corresponding Berry connection. If the Hamiltonian H depends on a parameter, the change of the Wannier center with this parameter is a gauge invariant quantity. In our 1D framework, this parameter is the laser phase. If we tune this phase from φ i = 0 to φ f = 2π, H(φ i ) = H(φ f ), based on Stokes theorem (see appendix B for details), one can find that the change of the Wannier center for each unit cell is the Chern number of the ground band
In Fig. 2(a) , we have numerically calculated the change of the Wannier center of each lattice site. After tuning the laser phase over one period, the Wannier center for each lattice site will shift downwards two sites (one unit cell), then the Wannier center for each unit cell will shift downwards one. According to the Eq. (17), the total pumping particle number is one and the Chern number is −1. The sign of the Chern number depends on the shift direction. Experimentally, the change of Wannier center can be inferred from observing the change of the density distribution along the lattice. The similar method has been proposed recently to detect the Chern number for characterizing integer quantum Hall phase in a 2D optical lattice system [61] , where a time-of-flight measurement along x direction combined with in situ detection along the y direction is needed. The atomic density is defined by
where E f denotes the Fermi energy, E oc denotes the occupied state of the fermionic atoms and ψ oc is the corresponding wave function. In Fig. 2 (b) , we have plotted the atomic density distribution along the lattice with the change of the laser phase in the presence of open boundary condition. In the experiment with cold atomic gases, an external harmonic potential is always present to trap the atomic cloud. We have taken account into its effect by adding the term
+ n c n in the numerical calculation, where V t is the trap strength and L is the lattice size. Indeed, the harmonic trap strength in the experiment can be tuned to enough small value, the main results of this paper remain intact in this case. Now we take the lattice site n = 1 as an example to describe the particle pumping. When the laser phase is tuned from φ = 0 to φ = π, the density will change from ρ = 0.01 to ρ = 0.98, it means that the density has been shifted downwards (from the lattice site n > 1 to n = 1). After tuning the laser phase over one period, the density shifts downwards one unit cell (two lattice sites), which yields the Chern number is C = −1 and the sign dependents on the shift direction. This detection can be done experimentally by tuning the laser phase slowly and performing in situ density measurements along the lattice to image the density distribution.
VI. SUMMARY
In summary, we have shown that the topological features of the topological insulator can be simulated and probed with a periodically driven AA model. We realize this 1D model with cold atoms trapped in a 1D shaken optical superlattice. By introducing the laser phase as an additional dimension, we have demonstrated that this 1D model can be mapped into a 2D topological Chern insulator model. The energy spectrum of the system will open a gap even for weak driving. Through calculating the Chern number of the bulk system and the edge states of the system with open boundary condition, we have shown that this gapped state should be a topological insulator state. We have also shown that this 1D framework can form a natural realization of topological pumping and it allows us to directly measure the Chern number of the topological state. This method can be generalized to evanescently coupled helical waveguides for achieving photonic Floquet topological insulators [45] , where the time periodic modulation is replace by the spatial modulation and the whole topological pumping process can be seen directly in the real space. Interestingly, the above dimension reduction method also provides a new route to simulate the high-dimensional topological phases, including four dimensional topological insulators. When periodic modulation is applied, it may also allow us to study non-equilibrium topological phases. Appendix B: Proof of Equation (17) The Chern number can be written as a surface integral of the Berry curvature which is the curl of the Berry connection A(k x , φ) over the first Brillouin zone (FBZ). Naively, it can be recast into a line integral of the Berry connection along the boundary of FBZ via Stokes' theorem,
where T 2 and ∂T 2 are the FBZ and its boundary, respectively. However, since the FBZ is a torus which has no boundary, the Chern number is zero if A(k x , φ) is well defined in the whole FBZ. Therefore, nonzero values of the Chern number are the consequences of singularity in the FBZ where the Stokes' theorem is invalid.
Let's assume that the occupied state wavefunction ψ(k x , φ) has a singular point p in the entire FBZ. To apply the Stokes' theorem in this case, we can surround this singular point by a closed loop c p . On removing this singularity in the wavefunction, we can use different gauges for ψ(k x , φ) inside and outside the loop. Outside the loop, the wavefunction ψ(k x , φ) is well defined; inside the loop, we can do a gauge transform, ψ → e ifp ψ, to obtain the welldefined wavefunction. Since the Berry curvature is gauge invariant, this transform does not change the value of Chern number. However, the Berry connection is indeed gauge variant. In each region, the Berry connections become
where s p is the region surrounding by c p . Because now the Berry connections A and A p are well defined in corresponding regions, we can implement the Stokes' theorem in the following way,
Imagine that c p expands gradually to the boundary of the FBZ, then since A(k x , φ) is well defined outside the loop c p , the line integral is zero. For the connection A p (k x , φ), it has a singular point outside the loop. We choose a gauge that the singular point of A p (k x , φ) locates at the boundary of φ = 0 or φ = 2π, then using the periodicity of A p (k x , φ), the Chern number can be further reduced to
